Abstract. In this paper, we describe the algebraic de Rham realization of the elliptic polylogarithm for arbitrary families of elliptic curves explicitly. Our work generalizes previous works of Bannai-Kobayashi-Tsuji and Scheider. While the approach of Bannai, Kobayashi and Tsuji is limited to a single CM elliptic curves, the result of Scheider provides only an analytic description of the de Rham polylogarithm for families. For arithmetic applications an algebraic description is indispensable. As an application we compute the de Rham Eisenstein classes explicitly in terms of certain algebraic Eisenstein series.
Introduction
In the groundbreaking paper [Bei84] , Beilinson has stated his important conjectures expressing special values of L-functions up to a rational factor in terms of motivic cohomology classes under the regulator map to Deligne cohomology. For finer integrality questions one has to consider additionally regulator maps to other cohomology theories. In order to study particular cases of these conjectures, one needs to construct such cohomology classes and understand their realizations. An important source of such cohomology classes are polylogarithmic cohomology classes and their associated Eisenstein classes.
The elliptic polylogarithm has been defined by Beilinson and Levin in their seminal paper [BL94] . It is a motivic cohomology class living on the complement of the zero section of an elliptic curve E → S. By specializing the elliptic polylogarithm along torsion sections one obtains the associated Eisenstein classes. Eisenstein classes have been fruitfully applied for studying special values of L-functions of imaginary quadratic fields, e.g. in [Den89] and [Kin01] . They also proved to be an important tool for gaining a better understanding of L-functions of modular forms. They appear in the construction of Kato's celebrated Euler system and more recently in the important works of Bertolini-Darmon-Rotger and Kings-Loeffler-Zerbes.
The aim of this work is to describe the algebraic de Rham realization of the elliptic polylogarithm for arbitrary families of elliptic curves explicitly in terms of the geometry of the Poincaré bundle. In the case of a single elliptic curve with complex multiplication, such a description has been given by Bannai-Kobayashi-Tsuji in [BKT10] . Building on this, Scheider has given an explicit analytic description of the elliptic polylogarithm for families of complex elliptic curves in his PhD thesis [Sch14] . Scheider's analytic description gives us a good and explicit analytic understanding of the de Rham realization and its specializations. On the other hand, for all arithmetic applications it is indispensable to have an explicit algebraic description. In both, the work of Bannai-Kobayashi-Tsuji and the work of Scheider, certain analytic theta functions of the Poincaré bundle are the essential tool for describing the de Rham polylogarithm. While it is possible to deduce algebraicity for the considered theta function in the CM case, this fails for more general elliptic curves. We overcome this difficulty by observing that the underlying section of the Jacobi theta function, appearing in Scheider's work, coincides with the algebraic Kronecker section which has been fruitfully applied in our previous paper [Spr18a] to study the algebraic and p-adic properties of Eisenstein-Kronecker series. It turns out that the infinitesimal restriction of the Kronecker section represents the de Rham realization of the Poincaré bundle. This gives a complete picture of the de Rham realization of the polylogarithm in terms of the Poincaré bundle. The close relation between the Kronecker section and the Eisenstein-Kronecker series allows an explicit description of the de Rham Eisenstein classes as a byproduct.
Aside form a genuine interest in understanding all realizations of the elliptic polylogarithm explicitly, we had two main motivations in its de Rham realization. The polylogarithm can also be defined for higher dimensional Abelian schemes and is expected to have interesting arithmetic applications. While we have a good understanding of the elliptic polylogarithm, almost nothing is known in the higher dimensional case. Since we develop the elliptic polylogarithm purely in terms of the Poincaré bundle, the general structure of the argument should allow the generalization to higher dimensional Abelian schemes. A good understanding of the de Rham realization is an essential step towards the realization in Deligne and syntomic cohomology.
Our second motivation comes from the wish of gaining a better understanding of the syntomic realization of the elliptic polylogarithm. Till now, we only understand the case of a single elliptic curve with complex multiplication [BKT10] and the syntomic Eisenstein classes [BK10] . Syntomic cohomology can be seen as a p-adic analogue of Deligne cohomology and replaces Deligne cohomology in the formulation of the p-adic Beilinson conjectures. A good understanding of the algebraic de Rham realization is a cornerstone towards the syntomic realization. Building on the results of this paper, we will generalize the results of [BK10] and [BKT10] and provide an explicit description of the syntomic realization for the ordinary locus of the modular curve in [Spr18b] .
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The de Rham logarithm sheaves
The aim of this section is to define the pro-system of the de Rham logarithm sheaves. The de Rham logarithm sheaves satisfy a universal property among all unipotent vector bundles with integrable connections. In this section we will present the basic properties of the de Rham logarithm sheaves, these have been worked out by Scheider in his PhD thesis [Sch14] .
2.1. Vector bundles with integrable connections. The coefficients for algebraic de Rham cohomology are vector bundles with integrable connections. Let start with recalling some basic definitions on vector bundles with integrable connections. For details we refer to [Kat70,  (1.0),(1.1)]. For a smooth morphism π : S → T between smooth separated schemes of finite type over a field K of characteristic 0 let us denote by VIC (S/T ) the category of vector bundles on S with integrable T -connection and horizontal maps as morphisms. Since every coherent O S -module with integrable K-connection is a vector bundle, the category VIC (S/K) is Abelian (cf. [BO78, §2, Note 2.17]). The pullback along a smooth map π : S → T of smooth K-schemes induces an exact functor π
By restricting the connection we get a forgetful map
VIC (S/K) → VIC (S/T ) .
To an object F in VIC (S/T ) we can associate a complex of
The differentials in this complex are induced by the integrable connection. The relative algebraic de Rham cohomology for π : S → T is defined as
For T = Spec K we obtain the absolute algebraic de Rham cohomology H i dR (S, F). The i-th de Rham cohomology can be seen as an extension group in the category VIC (S/K) ∨ for the dual of the relative de Rham cohomology and H E := π * H for its pullback to the elliptic curve. The GaussManin connection equips H E with an integrable K-connection. The group Ext
in the category VIC (E/K). In general such an extension will have non-trivial automorphisms. But at least if the extension (1) splits horizontally after pullback along e we can rigidify the situation by fixing a splitting, i.e. an isomorphism
in the category VIC (S/K). Such a horizontal splitting is uniquely determined by the image of 1 ∈ Γ(S, O S ) under the splitting. In other words, the group ker e * : Ext 
This pair (Log 1 dR , 1 (1) ) is uniquely determined up to unique isomorphism. This pair is called the first de Rham logarithm sheaf.
The tensor product in the category VIC (E/K) allows us to define for n ≥ 1 an integrable connection on the n-th tensor symmetric powers Log n dR := TSym n Log 1 dR . Recall that the n-th tensor symmetric power is the sheaf of invariants of the n-th tensor power under the action of the symmetric groups S n . The horizontal section 1 (1) induces a horizontal section
This allows us to define the n-th de Rham logarithm sheaves as the pair (Log n dR , 1 (n) ). Later we will see that the n-th de Rham logarithm sheaf is uniquely determined by a universal property, c.f. proposition 2.4. The horizontal epimorphism Log
dR . The transition maps allow us to define a descending filtration
in the category VIC (E/K). The graded pieces of this filtration are given by 
Proof. For the de Rham realization this has been worked out by Scheider in his PhD thesis [Sch14] . For the convenience of the reader let us sketch the proof: The filtration A • Log n dR induces a spectral sequence
We have E p,q
on the first page are given by 
In particular, all sub-quotients are given by pullback. Motivated by this property we state the following definition:
Definition 2.3. Let π : S → T be a smooth morphism of smooth separated K-schemes and E/S an elliptic curve.
(a) An object U in VIC (E/T ) is called unipotent of length n for E/S/T if there exists a descending filtration in the category VIC (E/T )
n (E/S/T ) be the full subcategory of objects of VIC (E/T ) which are unipotent of length n for E/S/T . For the moment we will consider the absolute case, i.e. T = Spec K. Later, we will naturally by concerned with the relative case, i.e. the case T = S. For F, G ∈ VIC (E/K) there is a natural connection on the sheaf of homomorphisms of the underlying modules. Let us write Hom(F, G) for the internal-Hom in the category VIC (S/K). Let us also introduce the notation Hom hor E/S (F, G) for the sheaf of horizontal morphisms relative S. By the definition of the connection on the internal-Hom sheaves, we see that Hom hor E/S (F, G) is the subsheaf of S-horizontal sections of Hom(F, G). We can rephrase this as follows:
In particular, the Gauss-Manin connection gives a K-connection on π * Hom 
is an isomorphism in VIC (S/K).
Proof. For the convenience of the reader let us sketch the proof. We have for 0 ≤ i ≤ 2g a canonical horizontal isomorphism
induced by the perfect cup product pairing
We prove the result by induction over the length k of the unipotent object. For k = 0, we have let U = π * Z for some object Z of VIC (S/K). In this case we have the following chain of isomorphisms in VIC (S/K)
It is readily checked that this composition coincides with the map in the statement of the proposition. For an unipotent object U of length k ≥ 1 we have an horizontal exact sequence
This sequence induces a morphism of short exact sequences in VIC (S/K):
Here, the first and the last horizontal maps are isomorphisms by induction and we conclude that also the morphism in the middle is an isomorphism. For the exactness of the first column it remains to prove the vanishing of the connecting homomorphism
which follows from the commutative diagram
and the vanishing of the right vertical map. The right vertical map vanishes by proposition 2.2 because it is dual under the cup product pairing to the map
Remark 2.5. Another way to formulate the universal property is as follows. Consider the category consisting of pairs (U, s) with U ∈ U † n (E/S/K) and a fixed horizontal section s ∈ Γ(S, e * U). Morphisms are supposed to be horizontal and respect the fixed section after pullback along e. Then, the universal property reformulates as the fact that this category has an initial object. This initial object is (Log n dR , 1 n ). 
i D combined with the vanishing results (c.f. proposition 2.2) gives the following. 
]). Let us write H
E[D] := π * E[D] H and H U D := π * U D H.
The localization sequence in de Rham cohomology for (3) induces an exact sequence:
Res σ
If we view the horizontal section
it is contained in the kernel of the augmentation map σ.
Proof. For the convenience of the reader let us recall the construction of the short exact sequence.
The localization sequence and the vanishing of lim
Res Now, the exact sequence in the claim follows by proposition 2.2 and the isomorphism 
is defined as the unique element mapping to id H under the isomorphism
This isomorphism comes from the localization sequence for U := E \ {e} ֒→ E. 
The de Rham logarithm sheaves via the Poincaré bundle
In his PhD thesis Scheider gave an explicit model for the de Rham logarithm sheaves constructed out of the Poincaré bundle [Sch14, Theorem 2.3.1]. Since the material has never been published, we will recall his approach to the de Rham logarithm sheaves via the Poincaré bundle. The main result of this section is due to Scheider, but we provide a considerably shorter proof of this theorem.
4.1. The geometric logarithm sheaves. Let π : E → S be an elliptic curve over a separated locally Noetherian base scheme S. Let us recall the definition of the Poincaré bundle and thereby fix some notation. A rigidification of a line bundle L on E is an isomorphism
A morphism of rigidified line bundles is a morphism of line bundles respecting the rigidification. The dual elliptic curve E ∨ represents the connected component of the functor
on the category of S-schemes. Because a rigidified line bundle does not have any non-trivial automorphisms, there is a universal rigidified line bundle (P, r 0 ) called the Poincaré bundle over E × S E ∨ . By interchanging the roles of E and E ∨ , we get a unique trivialization s 0 : (e×id) * P ∼ → O E ∨ and we call (P, r 0 , s 0 ) the bi-rigidified Poincaré bundle. Let q † : E † → E ∨ be the universal vectorial extension of E ∨ . Let us denote by P † the pullback of the Poincaré bundle to E × S E † . Since E † classifies isomorphism classes of line bundles with integrable connection, there exists a universal integrable E † -connection
making (P † , ∇ P † , r 0 ) universal among all rigidified line bundles with integrable S-connection. Let us denote the inclusions of the infinitesimal thickenings of e in E † resp. E ∨ by:
Both L n and L † n are locally free O E -modules of finite rank equipped with canonical isomorphisms
induced by the rigidifications of the Poincaré bundle. Furthermore,
We call L † n the n-th geometric logarithm sheaf. Sometimes we will write L † n,E to emphasize the dependence on the elliptic curve E/S. Let us discuss some immediate properties of the geometric logarithm sheaves. Someone familiar with the formal properties of the abstract logarithm sheaves will immediately recognize many of the following properties: The compatibility of the Poincaré bundle with base change along f : T → S shows immediately that the geometric logarithm sheaves are compatible with base change, i. e.
pr *
where pr E : E T = E × S T → E is the projection. By restricting form the n-th infinitesimal thickening to the (n − 1)-th, we obtain transition maps
Since P † is the pullback of P, we obtain natural inclusions
n . This inclusions can be interpreted as the first non-trivial step of the Hodge filtration of the geometric logarithm sheaf L † n , indeed: The Hodge filtration on H induces a descending filtration
are strictly compatible with the filtration. Here, O E is considered to be concentrated in filtration step 0. Explicitly this filtration is given as
The rigidification of the Poincaré bundle provides us canonical rigidifications
e * L † n ∼ → O Inf n e E † , e * L n ∼ → O Inf n e E ∨ .
Let us write [D] : E → E for the isogeny given by D-multiplication. The dual isogeny of [D] is D-multiplication on E ∨ . By the universal property of the Poincaré bundle over
Since we are working over a field of characteristic zero, the D-multiplication induces an isomorphism on Inf
Restricting γ id, [D] along E × S E ∨ and using the above commutative diagram gives
Recalling
The geometric logarithm sheaves as de Rham logarithm sheaves.
The aim of this section is to show that the geometric logarithm sheaves L † n give us a concrete geometric realization of the abstractly defined de Rham logarithm sheaves. This is one of the main results of Scheider [Sch14, Theorem 2.3.1]. By taking the universal property seriously we can give a much simpler proof then the original one. As in Scheider's proof, we need an interpretation of L † n as a Fourier-Mukai transform. As before, let E † be the universal vectorial extension of E ∨ . Definition 4.2. Let J be the ideal sheaf of O E † defined by the unit section. Let U n (O E † ) be the full subcategory of the category of quasi-coherent O E † -modules F, s.t. J n+1 F = 0 and
The following result can be seen as a particular case of the general Fourier-Mukai equivalence for D E/S -modules due to Laumon [Lau96] . The reason for the following non-derived version is that the derived Fourier-Mukai transform of F ∈ U n (O E † ) is cohomologically concentrated in one degree. (a) The Fourier-Mukai transform induces an equivalence of categories:
Here, π n : Inf We prove the well-definedness by induction on n: For n = 0 an object F ∈ U n (O E † ) is of the form e * U with U a locally free O S -module of finite rank. The base change formula, the projection formula and the rigidification of the Poincaré bundle give canonical horizontal isomorphisms:
This proves, that the Fourier-Mukai transform of e * U is unipotent of length 0 and establishes the well-definedness for n = 0. For n ≥ 1 every object F ∈ U n (O E † ) for n ≥ 1 sits in a short exact sequence
with U a locally free O S -module of finite rank and
Thus,F † is unipotent of length n. This proves the well-definedness of the map in (a). The statement about the equivalence of categories follows from the general Fourier-Mukai equivalence of Laumon
) between the bounded derived category of quasi-coherent O E † -modules and the bounded derived category of quasi-coherent D E/S -modules. Here, D E/S is the sheaf of differential operators of E relative S. Indeed, by induction on the length n for F ∈ U n (O E † ) one proves that Φ P † (F) is cohomologically concentrated in degree zero, i.e. we get
The equivalence in (a) can now be deduced from the general Fourier-Mukai equivalence.
gives an horizontal isomorphism
Again, by base change along the diagram
The Fourier-Mukai transform allows us to express the geometric logarithm sheaves as follows
gives us a canonical section 1 
such that the following universal property holds: For all U ∈ U † n (E/S/S) the map
is an isomorphism of O S -modules.
Proof. Let G ∈ U † n (E/S/S). By the equivalence
n (E/S/S) we may assume G =F † for some F ∈ U † n (E/S/S). Then, we have the following chain of isomorphisms
where (A) is induced by the Fourier-Mukai type equivalence of categories and (B) is proposition 4.3 (b). It is straightforward to check that this chain of isomorphisms sends f to (e * f )(1).
This proves the universal property of
Remark 4.5. The above theorem can be stated differently: Let us consider the category of pairs (U, s) with U ∈ U † n (E/S/S) and s ∈ Γ(S, e * U). The statement of this theorem is equivalent to the fact that (L † n , s) is an initial object of this category. In this formulation the proof might be more transparent: For this, one can define another category consisting of pairs (F, s) with F ∈ U n (O E † ) and s ∈ Γ(S, (π n ) * F). The morphisms of both categories are assumed to be compatible with the chosen sections. Now proposition 4.3 says, that the Fourier-Mukai transform gives an equivalence between both categories of pairs. But the second category has an obvious initial object O E † /J n+1 , 1 . In particular, the Fourier-Mukai transform of this initial object is again initial.
An immediate corollary is the following explicit description of the de Rham logarithm sheaves in terms of the Poincaré bundle: 
, 1 n satisfy the universal property theorem 4.4. Thus, there is a unique S-horizontal isomorphism
which is compatible with the given sections. By transport of structure along the isomorphism α we obtain an integrable
and satisfies the universal property of the absolute de Rham logarithm sheaves. This proves existence. Uniqueness follows after applying res S and using the universal property of the relative logarithm sheaf.
Extension classes and the Kodaira-Spencer map. Simultaneously with the geometric logarithm sheaves (
we introduced a variant L n of geometric logarithm sheaves without a connection. One might ask about a similar universal property for L n . Indeed, let us define U n (E/S) as the full subcategory of the category of vector bundles consisting of unipotent objects of length n for E/S, i.e. there is a n-step filtration with graded pieces of the form π * G for some vector bundle G on S. The pullback e * L n = O Inf 
Proof. The same proof as in theorem 4.4 works if one replaces the Fourier-Mukai transform of Laumon by the classical Fourier-Mukai transform.
Let us recall that L 1 sits in a short exact sequence
and that the rigidification of the Poincaré bundle induces a trivializing isomorphism along the zero section triv e : e * L 1 
Proof. The pair (F, σ) induces a pair (F, s) with F ∈ U 1 (E/S) and s := σ −1 (1, 0) ∈ Γ(S, e * F ). By the universal property of L 1 , there is a unique morphism f : L 1 → F which identifies 1 ∈ Γ(S, e * L 1 ) with s ∈ Γ(S, e * F ). The pushout of
Uniqueness follows from the rigidity of extensions with a fixed splitting along the pullback e * .
An interesting application of this corollary relates L 1 to the absolute Kähler differentials of the universal elliptic curve. Let E → S be an elliptic curve and S → T be a smooth morphism. We have the following fundamental short exact sequences of Kähler differentials:
with I the ideal sheaf defining the zero section e : S → E. The second short exact sequence induces a canonical splitting
of the pullback of (5) along e. The pullback of the Kodaira-Spencer map
Corollary 4.9. The short exact sequence of Kähler differentials:
Proof. Assume, we have a short exact sequence
together with a splitting σ of e * F as in corollary 4.8. Then we can describe the unique map
whose existence is guaranteed by corollary 4.8, as the image of 1 under the connecting morphism
Now the result follows from the definition of the Kodaira-Spencer map [FC90, p. 80]: The Kodaira-Spencer map is the image of 1 under the connecting homomorphism of the short exact sequence
obtained by tensoring the short exact sequence of Kähler differentials with
In particular, the pushout along the Kodaira-Spencer map induces a map
If E/S is the universal elliptic curve over the modular curve (with some level structure) then KS is an isomorphism. In particular, L 1 is essentially given by the absolute Kähler differentials.
The de Rham realization of the elliptic polylogarithm
The aim of this section is to give an explicit algebraic description of the de Rham realization of the elliptic polylogarithm in terms of the Kronecker section of the Poincaré bundle for arbitrary families of elliptic curves E/S over a smooth separated K-scheme S of finite type. From now on, we will use Scheider's explicit description of the de Rham logarithm sheaves and fix
, 1 n as an explicit model for the de Rham logarithm sheaves (cf. corollary 4.6).
The Kronecker section of the geometric logarithm sheaves.
Recall that the dual elliptic curve E ∨ represents the connected component of the functor
T → Pic(E T /T ) := {iso. classes of rigidified line bundles (L, r) on E T /T } on the category of S-schemes. The polarization associated to the ample line bundle O E ([e])
gives us an explicit autoduality isomorphism
Here, can is the canonical rigidification given by the canonical isomorphism
With this chosen identification of E and E ∨ we can describe the bi-rigidified Poincaré bundle as follows
Here, ∆ = ker (µ : 
The line bundle O E×E (−∆) can be identified with the ideal sheaf J ∆ of the anti-diagonal ∆ in E × S E in a canonical way. If we combine the inclusion
with (9), we get a morphism of O E×E -modules
E×E/E ([e × E] + [E × e]). The Kronecker section
is then defined as the image of the identity section id P ∈ Γ(E × E, P ⊗ P ⊗−1 ) under (10). The universal property of the Poincaré bundle gives us a canonical isomorphisms for D > 1:
Let us define the D-variant of the Kronecker section by
This is a priori an element in
but we have:
Lemma 5.1. The D-variant of the Kronecker section is contained in
Γ E × S E ∨ , ([D] × id) * P ⊗ Ω 1 E×E ∨ /E ∨ [E × (E ∨ [D] \ {e})] + [E[D] × E] .
Proof. In [Spr18a] we defined translation operators U D t for sections of the Poincaré bundle with U
Now the result follows from the distribution relation [Spr18a, Corollary A.3]
In other words, passing from the Kronecker section to its D-variant removes a pole along E × e. The rigidification (id × e) * P ∼ = O E of the Poincaré bundle gives us the identification: 
) . Definition 5.3. Define the n-th relative connection form
as the image of (pr 
to absolute 1-forms. In eq. (7) we have used the Kodaira-Spence map to construct a map KS :
by the universal property of L n we have comultiplication maps L k+l → L k ⊗L l mapping 1 to 1 ⊗ 1 after e * . If we combine the Kodaira-Spencer map with the comultiplication of the geometric logarithm sheaves, we obtain a map 
as the image of l D n+1 under the lifting map (12).
A first step in proving that the absolute connection forms represent the polylogarithm is the following:
).
Proof. The question is étale locally on the base. Indeed, for a Cartesian diagram
with f finite étale we have an isomorphism
. Thus, we may prove the claim after a finite étale base change. Now, choose an arbitrary N > 3. Since we are working over a scheme of characteristic zero, the integer N is invertible and there exists étale locally a Γ 1 (N )-level structure. Again, by compatibility with base change it is enough to prove the claim for the universal elliptic curve E with Γ 1 (N )-level structure over the modular curve M over K. 
We show that pol D,dR is represented by the compatible system (L D n ) n≥0 under (13). 
Theorem 5.7. The D-variant of the elliptic polylogarithm in de Rham cohomology is explicitly given by
is well-defined. Further, the question is étale locally on the base. Indeed, for a Cartesian diagram
is an isomorphism and identifies the polylogarithm classes. Thus, we may prove the claim after a finite étale base change. Now, choose an arbitrary N > 3. Since we are working over a scheme of characteristic zero, the integer N is invertible and there exists étale locally a Γ 1 (N )-level structure. Again, by compatibility with base change it is enough to prove the claim for the universal elliptic curve E with Γ 1 (N )-level structure over the modular curve M. By the defining property of the polylogarithm we have to show
We split this into two parts:
is zero. (A): Since M is affine, the Leray spectral sequence for de Rham cohomology shows that we obtain the localization sequence for n = 1 by applying
Res
This exact sequence can be obtained by applying Rπ * to the short exact sequence 
So (B) holds in the universal case for trivial reasons.
Lemma 5.8. Let N > 3 and E/M be the universal elliptic curve with
Proof. One can show the vanishing of H 0 dR M, Sym k H after analytification. Then, the statement boils down, using the Riemann-Hilbert correspondence, to the obvious vanishing result
Remark 5.9. The above Theorem gives an explicit representative (L D n ) n≥0 of the de Rham polylogarithm class. One could ask about uniqueness of this representative. We have already seen that the compatible system of sections (L D n ) n≥0 is contained in the first non-trivial step
of the Hodge filtration. With some more effort one can actually prove that the system (L D n ) n≥0 is the unique system in F 0 L † n ⊗ Ω 1 E/K representing the de Rham polylogarithm. Let us refer the interested reader to our PhD thesis [Spr17, Proposition 5.2.12].
5.4. Proof of proposition 5.6 via the mixed heat equation for Theta functions. In this subsection we will pass to the universal elliptic curve and deduce proposition 5.6 from the mixed heat equation w, τ ) . of the Jacobi theta function. Let E/M be the universal elliptic curve over Q with Γ 1 (N )-level structure. The complex manifolds E(C) and M(C) can be explicitly described as
Recall that we fixed the polarization associated with O([e]) as autoduality isomorphism. The above explicit analytification together with this autoduality isomorphism gives
as universal covering. Let us write (z, w, τ ) for the coordinates on the universal covering. Using the autoduality isomorphism from eq. (8) we can write the rigidified Poincaré bundle on E × M E as
E/M . Let us writeP for the pullback of the analytified Poincaré bundle to the above universal covering. ThenP is a trivial line bundle on the complex manifold C × C × H and by the above explicit description of P in terms of O E ([e]) it can be trivialized in terms of a suitable theta function. Let us chose the Jacobi theta function
as trivializing section of the pullbackP of the Poincaré bundle to the universal covering, i.e.
The analytification of the universal vectorial extension E † of E ∨ sits in a short exact sequence (cf. [MM74, Ch I, 4.4])
In particular, the pullback of the geometric vector bundle H 1 dR (E/M) to the universal covering H → M(C) serves as a universal covering of E † (C). Choosing coordinates on this universal covering is tantamount to choosing a basis of (w, v) . We can summarize the resulting covering spaces in the following commutative diagram:
The pullback of the Poincaré bundle P † to E × E † is equipped with a canonical integrable
Let us writeP † for the pullback of the Poincaré bundle to the universal covering. The trivializing sectiont † ofP induces a trivializing sectiont † ofP † via pullback:
Recall, that the higher de Rham logarithm sheaves were defined by tensor symmetric powers of the first de Rham logarithm sheaf.
). Here, (·) [i] denotes the canonical divided power structure on the algebra of tensor symmetric powers.
Lemma 5.10. [Sch14, (3.4 
.16)] In terms of this decomposition the connection
is given by
Proof. The horizontality of the isomorphism
reduces us to prove the statement in the case n = 1. Since the restriction of
and it remains to prove
is induced from the connection ∇ † on P † . The explicit description of the connection in [Kat77, Thm. C.6 (1)] yields immediately the formula:
we get
Restricting this to the first infinitesimal neighborhood gives:
Corollary 5.11. The absolute connection on L † n is given by the formula
Proof. By the horizontality of
it is enough to prove the statement in the case n = 1. A straightforward calculation shows that the above formula defines an integrable holomorphic absolute connection on L † 1 extending the connection ∇ L † 1 and making
∨ is equipped with the dual of the Gauss-Manin connection. It is further straightforward to check, that the sequence (16) splits horizontally after pullback along e * and the class of the sequence (16) maps to id H under ker e * : Ext
Thus it follows from corollary 4.6 that the given connection is the unique connection from corollary 4.6 extending ∇ L † n .
In terms of our trivializing sectiont † the Kronecker section s can expresses as follows:
This implies the following formula for the D-variant of the Kronecker section:
The expansion coefficients
allow us to describe the restriction of s D can to the n-th infinitesimal neighborhood along E as
The Kodaira-Spencer isomorphism identifies dz ⊗ dw with
In particular, we deduce that the analytification of the 1-forms L D n coincide with the analytic 1-forms used by Scheider to describe the de Rham realization of the elliptic polylogarithm on the universal elliptic curve. The analytic expression (17) is exactly the analytic section of the de Rham logarithm sheaves which was used by Scheider to describe the de Rham realization of the elliptic polylogarithm analytically. We have reduced the purely algebraic statement of proposition 5.6 to the analytification of the modular curve and identified the objects with the analytic description of Scheider. Thus from here on we can follow the argument in Scheider [Sch14, Thm. 3.6.2]. For the convenience of the reader let us nevertheless finish the proof. Indeed, it will be the mixed heat equation
which will is responsible for the vanishing of L D n under the differential in the de Rham complex. The mixed heat equation implies the formula
and we compute
Thus L D n is a closed form with respect to the differential of the de Rham complex of L † n and the proof of the Proposition is finished.
The de Rham Eisenstein classes
The aim of this section is to describe the de Rham Eisenstein classes explicitly. We will identify them with cohomology classes associated to certain Eisenstein series. In the following we will use (L † n , ∇ abs
) as an explicit model for the de Rham logarithm sheaves. The canonical horizontal isomorphism
together with the horizontal isomorphism
It might be more common to work with 
. With these identifications, we can write the above splitting isomorphism as follows:
Similarly, we have
Further, by invariance under isogenies we have an isomorphism
For a torsion section s ∈ E[N ](S) we get a canonical horizontal isomorphism
n . where T s : E → E is the translation by s. Together with the splitting isomorphism we obtain a horizontal isomorphism:
The trivialization map is compatible with the Hodge filtration, i.e. we have
The map triv s induces the specialization map:
The aim of this section is to identify s * pol n D,dR with cohomology classes of certain Eisenstein series: Let us consider the following analytic Eisenstein series
and define
(Da,Db) (τ ). These are exactly the Eisenstein series appearing in Kato's Euler system c.f. [Kat04] . Let E/M be the universal elliptic curve over Q with Γ(N )-level structure. Recall that modular forms of level Γ(N ) and weight k are exactly the sections of Γ(M, ω ⊗k E/M ) which are finite at the cusps. The Kodaira-Spencer map
allows us to associate de Rham cohomology classes to modular forms of weight k ≥ 2 via:
For a modular form f of weight k let us write 
Proof. By theorem 5.7 it suffices to prove
to l D n+1 , we are reduced to prove
Our aim is to reduce this claim to the construction of Eisenstein-Kronecker series via the Poincaré bundle. As a first step we have to compare the translation operators of the Poincaré bundle to the translation operators of the logarithm sheaves. Let us recall the definitions: The definition of the translation isomorphism .
